Quarks game
A. Balakin, Yu. Petrova, M. Skopenkov
1. The plane is divided into cells in the form of regular hexagons. A King can move to any neighbor cell,
see the picture. Moves up, right-down and left-down will be called positive and the rest — negative. The
King made several moves and returned to the original cell. What are possible values for the difference
between the number of positive and negative moves?
This simple mathematical problem has fundamental physical consequence: the
charge of any free particle is a multiple of the electron charge. Want to see how school
mathematics helps to understand particle physics? Read on! Knowledge of physics is
not required, we are going to give all the necessary information. Let us start with an
informal introduction; mathematical definitions appear after Problem 9.

Elementary particles and where they live1
Substance consists of atoms, atoms consist of nuclea and electrons, nuclea consist of protons and neutrons.
All that are particles of substance. Particles can be either elementary or composed, i.e.,
consisting of other particles. E.g., a proton is composed from two up-quarks and one downquark, while the quarks are elementary; see the figure. For our purposes it is not important
what are quarks; just imagine sticky balls glued together to form other particles.
If a particle is separated from any other particles (i.e., moves independently on them) in -protonan experiment, then the particle is called free. E.g., normally a neutron is contained in a nucleus, but it
can be made free in nuclear reactions. This collection of problems is about confinement of quarks (main
problems are 11, 27, 33.b):
Quarks cannot be free.
What this actually means is absolutely paradoxical: quarks exist but cannot be observed in an experiment
in principle. We are going to discuss both reasons and consequences of this (so far unproved) assertion2 .
Each particle has a charge. E.g., an electron has charge −1 (this is how the measurement units are
chosen), and an up-quark has charge +2/3. The charge of a composed particle equals to the sum of charges
of the contents. E.g., a proton has charge +1.
Each particle has an antiparticle having opposite charge. E.g., an up-antiquark has charge −2/3.
The list of just a few known quarks and free composed particles is given in the table.
Particle
Antiparticle
Notation Content Charge Name
Notation Content Charge
Elementary particles: quarks (to the left) and antiquarks (to the right)
up-quark
u
+2/3
up-antiquark
ū
−2/3
down-quark
d
−1/3
down-antiquark
+1/3
d¯
Composite particles from a quark and an antiquark
+
pion
π
ud¯
+1
pion
π−
ūd
−1
Composite particles from 3 quarks (to the left) or 3 antiquarks (to the right)
proton
p
uud
+1
antiproton
p̄
ūūd¯
?
neutron
n
?
0
antineutron
n̄
?
?
Name

2. Complete the entries with a questionmark in the table.
1
2

This is only an exposition of a commonly accepted theory and does not pretend to be the final truth about particles.
Actually the proof of a related assertion is one of the Millenium problems, the essence of which we shall also explain.
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Each particle has also a color (it has nothing to do with light). It is not a number,
but a vector in the plane. Hereafter we assume that RB ′ GR′ BG′ is a regular hexagon
−→ −→ −−→
with the center at the origin O. A quark can have one of the colors OR, OG, OB (“red”,
“green”, “blue”). Thus there actually 3 distinct up-quarks and 3 down-quarks.
The color of an antiparticle is opposite to the color of a particle. E.g., the antiparticle
−→
of a red up-quark has color OR′ (“cyan”). The color of a composed particle is the vector sum of colors of
the components. E.g., a proton consisting of a red up-quark, a green up-quark, and a blue down-quark,
has vanishing color. Actually the reason for confinement of quarks is confinement of color :
Particles with nonvanishing color cannot be free.
As a warm-up, let us discuss basic consequences of confinement of color.
3. a) For which q and p satisfying p + q 6 3, there is a particle with vanishing color consisting of q quarks
and p antiquarks3 ?
b) Prove that each particle with vanishing color consisting of quarks and antiquarks from the above
table has integer charge.
Now start the way to understanding the reasons of confinement of color. We shall need a theory
describing interaction of quarks. All known interactions except gravitation are described by gauge theory.
This concerns not only interaction of quarks but also everyday-observed effects like magnetic interaction
of conductors with currents. As we shall see now, the idea of gauge theory is very simple.

Toy model of gauge theory
Several cities are connected by roads in the shape of an M × N grid; see the figure. Each city has its
own type of goods (in unlimited quantity). E.g., city A has apples and city B has bananas. For two
neighboring cities A and B an exchange rate U (AB) > 0 is fixed, e.g., 2 bananas for an apple. The rate
is symmetric, i.e., U (BA) = U (AB)−1 : one gets back an apple for 2 bananas.

A cunning citizen can travel and exchange along a 1 × 1 square ABCD to multiply his initial amount of
goods by a factor of U (AB)U (BC)U (CD)U (DA). E.g., in the figure to the left the factor is 2 · 1 · 4 · 1 = 8.
Denote U (ABCD) := U (AB)U (BC)U (CD)U (DA).
We shall see that the logarithms of these factors are more convenient quantities. All we need to know
about logarithms is the following definition. If y = 2x for some real
x and y, then x is called the
√ numbers
1
logarithm of y and is denoted by x = log2 y. E.g., log2 2 = 1, log2 2 = 2 , log2 1 = 0, log2 21 = −1.
In particular, a trip along the square ABCD gives profit in one of the directions, if log2 U (ABCD) 6= 0.
The total speculation profit is measured by the sum S[U ] of the values log22 U (ABCD) over all 1×1 squares
ABCD (say, bypassed counterclockwise). E.g., in the figure to the left
S[U ] = log22 U (ABCD) + log22 U (DCF E) = (log2 8)2 + (log2 21 )2 = 10.
You are the king, who can set exchange rates except those on the boundary of the grid. You set them
to minimize the quantity S[U ]. The resulting rates are called optimal.
4. Clean up the kingdom in the left figure, i.e., find the number x for which the total speculation profit
in the middle figure is minimal.
3

There can be more quarks: particles from 4 quarks or antiquarks were discovered in 2014, from 5 — in 2015.
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Optimal exchange rates can be found approximately on the computer, scrolling with a small step all
possible rates from a certain interval and comparing the corresponding values of S[U ].
5. Do it for the kingdoms in the figures in the middle and to the right. Is there any faster algorithm?
Notice that the change of variables x(AB) := log2 U (AB) simplifies the expression for the profit a lot:
X
(x(AB) + x(BC) + x(CD) + x(DA))2 .
S[x] :=
all 1 × 1 squares ABCD
bypassed counterclockwise

For each 1 × 1 square ABCD denote x(ABCD) := x(AB) + x(BC) + x(CD) + x(DA). E.g., in the
figure to the left, x(ABCD) = 3. Denote by W the factor multiplying the initial amount of goods for a
counterclockwise travel around the whole boundary. E.g., in the figure to the left, W = 4.
6. Assume that the fixed rates


2,
U (AB) =


1,

at the boundary are as in the figure, i.e.,
if AB is on the southern or northern border of the grid
and is directed counterclockwise along the boundary;
if AB is on the eastern or western border of the grid.

Clean up the kingdom for the following particular grid sizes, i.e., complete the table4 :
Grid
1×2
1×3
1×N
The value W
4
The minimal value for S[U ]
Optimal rates U (AB) for all roads AB
Values x(AB) for all roads AB
Values x(ABCD) for all 1 × 1 squares

2×2

7. a) For which values of the boundary rates in an M × N grid one can achieve S[U ] = 0?
b)∗ Assume that S[U ] = 0. Can the citizen get a profit by moving along a closed path?
c) For which values of M and N the optimal rates are uniquely determined by the boundary rates?
d) How M , N , W and the minimal speculation profit are related?
e) Which of the grids — 8 × 8 or 7 × 9 — has smaller speculation profit, if W is the same?
8. Now we are allowed to change boundary rates. What is the minimal possible value of the expression
1
S[U ] − j log2 W
2
that we can obtain for a fixed real number j on the M × N grid?

Physical interpretation
Our toy model allows to describe roughly magnetic interaction of conductors with currents.
Let j be a real number. The grid boundary is a frame with a current strength j. Current in the frame
creates a magnetic field. The value x(ABCD) at a 1 × 1 square ABCD represents the magnetic flux
through the square, the sum S[x] represents the magnetic field energy, and 12 S[U ] − j log2 W represents
the energy of the whole system. Each system tries to minimize its energy. Thus the values x(AB) are set
to minimize the expression 12 S[U ] − j log2 W . Beware: the model is very rough!
If the positions of the conductors are not fixed, i.e., the grid size is not fixed, then the system tries to
move the conductors to decrease the energy. This means attraction or repulsion of conductors. Movement
of conductors is understood as change of the number of cells, but not the sizes of the cells themselves.
9. a) Does a frame with current tend to reduce or increase its area?
b) Do parallel conductors with opposite currents magnetically attract or repulse?
c)∗ And if the current directions are the same?
Hint. Close the conductors far away to obtain a frame (for b)) or two frames (for c)).
4

The team with the maximal number of completed entries at the semifinal will receive the same number of apples.
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The quark interaction is described by quantum gauge theory. The main difference is that the exchange
rates are random and not necessarily positive. For simplicity let us assume that the exchange rates take
only two values +1 and −1, shortly: “+” and “−”. Bypassing the boundary of the square changes the
amount of goods, if there is an odd number of signs “−” on its boundary.
Now it is time for precise mathematical definitions and theorems. First we state the modified model,
then a pair of problems, and only after that introduce all the required definitions little by little.

Toy model for quantum gauge theory
To each road AB of the 1 × N grid in the figure, randomly assign a sign “+” or “−” (so that
all possible assignments of signs have equal probability; see the definition of probability before
Problem 12). For each assignment U let us denote by S ′ [U ] the number of squares 1 × 1 having
an odd number of signs “−” on the sides. E.g., S ′ [U ] = 2 in the figure. The expectation of the
random variable S ′ [U ] is called the energy E(N ) of electromagnetic interaction between a quark and an
antiquark at distance N . (See the definitions of a random variable and its expectation before and after
Problem 17.)
Remark. The latter term is unsplittable; the words ‘quark’, ‘antiquark’, ‘electromagnetic interaction’ have
no separate formal meaning. Beware: the model is very rough!
10. Find the energy E(N ) for the grids: 1 × 1; 1 × 2; 1 × 3; 1 × N ;
a) approximately using a computer simulation; b) exactly.
11. (Quarks confinement in 1-dimensional space.) Does there exist a number E0 such that E(N ) 6 E0
for all N ? (The same informally: is the amount of energy required to move a quark and an antiquark far
away from each other finite or infinite?)

Classical probability5
It is useful to start learning probability theory on the “physical” level of rigor as in books [Shen], [KZhP].
Here we give “mathematical” definitions from the beginning. However many problems are stated using
“practical” language and we show how to formalize some of them. The formalization of the remaining
problems is left to the reader. Such formalization is the first step of the solution, on which the answer can
depend.
Consider an experiment that has m equally probable outcomes, such as rolling a dice, drawing a card
out of a deck, etc. If the event in question (for example, the fall of the six, drawing an Ace, etc.) occurs
in a outcomes, then the probability of the event is said to be p = a/m.
This explanation is useful for beginners, but it is not a mathematically rigorous definition. Here is the
mathematical definition.
The probability of a subset A of a finite set M is the following number
P (A) = PM (A) := |A|/|M |.
Hereafter, unless otherwise stated, the set M is fixed and omitted from the notation. Then the
probability is defined for all its subsets. They are often called events.
12. From the deck of 52 cards one card is drawn. Find the probability that it is
(a) of black suit; (b) an Ace; (c) with a picture;
(d) Queen of spades; (e) a King or a diamond.
E.g. in the problem 12 (c) the set M (“the set of all possible events”) coincides with the set of all cards
in the deck, the set A (“the set of events that we consider”) is the set of all cards with pictures. This is
the way to formalize this problem (and many other probabilistic problems).
13. A coin is tossed 3 times. Find the probability of getting
(a) three Heads; (b) two Heads and one Tail.
5

This section is taken from [EMZ] with small changes.
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To solve some of the above-stated problems, the following rules are useful.
14. (a) Addition rule. Let A ∩ B = ∅. Express P (A ∪ B) in terms of P (A) and P (B).
(b) Express the probability P (A ∪ B) in terms of P (A), P (B) and P (A ∩ B).
(c) Multiplication Rule. Express the probability PM ×N (A × B) in terms of PM (A) and PN (B).

15. a) Signs “+” and “−” are randomly assigned to the 4 sides of a square. Find the probability that the
number of signs “−” is odd.
b) What is the probability that for the 1 × 2 grid we have S ′ [U ] = 0? S ′ [U ] = 1? S ′ [U ] = 2?
The following problem leads to the notions of a random variable and the expectation.

16. a) I suggest you the following game. You pay 2 candies, then a die is rolled, and you get as many
candies as there occur points on the die. Is the game profitable for you?
b) Now the rules are the same except that you pay 100 candies, when 1 point occurs. (You have enough
candies to pay.) Is the game profitable for you?
c) A bank promises you a reliable profit absolutely for free. You put your 8 candies into the bank, then
a die is rolled. If 2, 3, or 4 points occur, then you get back your contibution of 8 candies plus 1 candy in
addition. If 5 or 6 points occur (“market growth”), then you get even plus 2 candies in addition to your
contribution. But if 1 point occurs (“crysis”), then you loose the whole your contribution (“We are sorry
but we cannot do anything for you — that’s crysis.”) Is the game profitable for you?
A real-valued function X defined on the set M is called a random variable. The set of pairs (xi , pi ), i =
1, 2, . . ., where {x1 , x2 , . . .} is the set of all possible values of the random variable X, and pi = P ({m ∈
M : X(m) = xi }), i = 1, 2, . . . , are the corresponding probabilities, is called the distribution of the random
variable X. Further, we denote by X = xi the event {m ∈ M : X(m) = xi }.

17. Find the distribution of the random variable S ′ [U ] for the grid 1 × 2.

The mathematical expectation (or mean-value) of the random variable X is the sum
X
E(X) :=
xi pi = x1 P (X = x1 ) + x2 P (X = x2 ) + . . . .

18. Find the expectation of the random variable S ′ [U ] for the grid 1 × 2.

Write +1 instead of “+” and −1 instead of “−”. Let the random variable Xk be the product of all
numbers on the sides of the k-th square from the top in the 1 × N grid and the random variable W ′ be
the product of all numbers on the boundary of the grid. (Similarly we define W ′ for the M × N grid.)

19. Express S ′ [U ] and W ′ in terms of X1 and X2 for the grid 1 × 2. Find E(X1 ), E(X2 ) and E(W ′ ).
P
20. (a) Prove that the expectation of the random variable X defined on M is equal to
X(m)/|M |.
m∈M

(b) Prove that if E(X) 6 x, then there exists m ∈ M : X(m) 6 x.
(c) A random variable X takes the same value µ for all m ∈ M . Find E(X).
d) Let a, b be real numbers and X, Y be random variables. Is the following equality always true
E(aX + bY ) = aE(X) + bE(Y )?
(e) And what about E(XY ) = E(X)E(Y )?
Now let us proceed to a more accurate model of quark interaction (further we work in this model).

Solid model for quantum gauge theory
Fix a number c > 1 called the interaction constant. To each road AB of the M × N grid, randomly assign
a sign “+” or “−” so that an assignment U has the probability
′

P [U ] =

c−S [U ]
P

c−S ′ [V ]

.

all the assignments V

The energy of the electromagnetic interaction between a quark and an antiquark at distance N is
1
EM,c (N ) = − log2 E(W ′ ).
M
′
Our aim is to find it. (Here E(W ) is the expectation of the random variable W ′ , defined before the
problem 18. We do not know any easy explanation of the formula.)
Quarks game
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Statistical probability
The following more general definition of the probability is used in this model. Consider a set M and for
each m ∈ M assign a non-negative number P (m), so that the sum of all such numbers is equal to 1. Then
the probability of the event A is the sum of all P (m) over all m ∈ A.

21. a) Find the probability of each assignment of signs for the 1 × 1 grid. Compute E(W ′ ) and E1,2 (1).
b) The same, if one considers only the assignments such that all roads except the top one have sign “+”.
22. How the probability of an assignment changes, if the signs of all roads coming from a city are changed?

The following definition generalizes the multiplication rule from 14 (c). First, assume that the probabilities P (m) are the same for all elements m ∈ M . Two subsets (or events) A and B 6= ∅ of the finite set
M are called independent, if the probability of the set A ∩ B in B is equal to the probability of the set A
in M . Let us give a symmetric reformulation, which works for B = ∅ and for more general definitions of
the probability, when not all probabilites P (m) are equal. The subsets A and B of the finite set M are
called independent, if
P (A ∩ B) = P (A) · P (B).
The main example of the independent subsets is the following. In the set of all cells of the chessboard
the subset of cells in first three rows and the subset of cells in last four columns are independent.
23. Are the following subsets independent, if all elements of M have equal probabilities?
(a) The subsets {1, 2} ⊂ {1, 2, 3, 4} and {1, 3} ⊂ {1, 2, 3, 4} = M .
(b) The subsets {1, 2} ⊂ {1, 2, 3, 4, 5, 6} and {1, 3} ⊂ {1, 2, 3, 4, 5, 6} = M .

Random variables X and Y are called independent, if the events X = xi and Y = yj are independent
for any xi , yj , i. e.
P ({m ∈ M : X(m) = xi and Y (m) = yj }) = P (X = xi )P (Y = yi ).
24. Are the random variables X1 and X2 independent in the 1 × 2 grid (see the definition before Pr. 19)?

25. Prove that if the random variables X and Y are independent, then the mathematical expectation of
their product is the product of their mathematical expectations: E(XY ) = E(X)E(Y ).

26. (Wilson’s area law) Let c = 2, M and N are arbitrary. Compute E(W ′ ) and the energy EM,2 (N ). For
which M1 , N1 , M2 , N2 the M1 × N1 grid has smaller E(W ′ ) than the M2 × N2 grid?
27. (Quarks confinement in 2-dimensional space.) Is the amount of energy required to move a quark and
an antiquark far away from each other finite or infinite in 2-dimentional space?

28. Investigate 3-dimensional grid N × N × N and 4-dimensional grid N × N × N × N experimentally by
a numeric simulation for various c ∈ [2; 3]. For them, S ′ [U ] is still defined as the number of 1 × 1 squares
with an odd number of signs “−”, and W ′ is defined as the product of signs along the boundary of one
of the 2-dimensional faces. Is the amount of energy required to move a quark and an antiquark far away
from each other in 3- and 4-dimentional space finite or infinite?
29. Prove that: a) the ratio of the energies EM,c (N )/E(N ) does not depend on N
b) for c → ∞ the energy EM,c (N ) tends to the minimal possible value of S ′ [U ], i.e., to 0.

Geometrical view on gauge theory
Let us look at our model from the new side (this text is informal and is not used further.)
The charges of the particles can be positive or negative. It is a convention which one to consider
positive: is just a choice of direction on the real axis.
And what happens if the choice of the “axis direction” at each point of the space is done independently?
For example, in each city of the M × N grid, choose the direction in its own way. Then for each road you
need to specify how the direction of the axis changes as you move from the city to its neighbor. One can
imagine a situation, when bypassing a 1 × 1 square, the direction of the axis is changed to the opposite
one (as the direction of the perpendicular to the Möbius strip when it is bypassed.) Geometrical view on
gauge theory is that such “defective” squares are the magnetic field, and they carry energy. Therefore we
computed energy through the number of “defective” squares in our models.
Of course, this construction can not be understood literally: when bypassing, a charge sign, of course,
is not changed. The “axis direction” is something different from the charge sign.
Quarks game
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30. (Gauss–Bonnet theorem) Consider: a) a cube; b) a regular tetrahedron; c)∗ a convex polytope. Two
vectors lying in adjacent faces are called parallel, if they form equal “vertical” angles with the common
side of the faces (i.e., they become parallel and looking in the same direction, if one “unfolds” the two
faces around the common side; see the figure). Let f1 , f2 , . . . , fk be all faces around a vertex v in the
natural order. Start with an arbitrary vector ~e1 ⊂ f1 and take a vector ~e2 ⊂ f2 parallel to ~e1 , then a vector
~e3 ⊂ f3 parallel to ~e2 ,. . . , and, finally, a vector ~ek+1 ⊂ f1 parallel to ~ek . Denote by φv the oriented angle
between ~ek+1 and ~e1 . Find the sum of the angles φv over all vertices v.
Quark color is not a number, but a vector for which three directions are possible. This is why
permutations of three colors are put on the roads in the theory of strong (i.e., color) interaction.

Permutations
A permutation of a set is an arrangement of the elements of the set in some order. More strictly, a permutation of the set is a one-to-one correspondence of this set onto itself (i.e. a bijection). The permutation
of the set {a1 , a2 , . . . , an }, that to an element ak assigns the element f (ak ), is written as follows


a1
a2
...
an
;
f (a1 ) f (a2 ) . . . f (an )
usually ak = k for all k = 1, . . . , n. The composition of permutations f and g is the permutation f ◦ g
defined by the formula (f ◦ g)(x) := f (g(x)).

 


 

1 2 3
1 2 3
1 2 3
1 2 3
31. Find the compositions: (a)
◦
;
(b)
◦
.
2 1 3
3 1 2
2 3 1
3 1 2
32. Is it true that x ◦ y = y ◦ x for any pair of permutations x and y?

Toy model for non-Abelian gauge theory
Fix a number c > 1. Denote by S3 a set of all permutations of the set {1, 2, 3}. A fixed point of the
permutation f is such x ∈ {1, 2, 3} that f (x) = x. The trace Tr(f ) of a permutation f is the number of
its fixed points minus 1. For example, Tr ( 13 22 31 ) = 0.
To each road AB of the M ×N grid randomly assign a permutation U (AB) ∈ S3 so that U (AB)◦U (BA)
is the identical permutation, and the probability of an assignment U is equal to
P [U ] :=

c−S
P

′′ [U ]

c−S ′′ [V ]

,

all the assignments V

where
S ′′ [U ] :=

X

all 1 × 1 squares ABCD
bypassed counterclockwise

(2 − Tr(U (AB) ◦ U (BC) ◦ U (CD) ◦ U (DA))).

(I.e. the fewer elements remain fixed when bypassing the square, the greater contribution it makes
to S ′′ [U ].) Let W ′′ be the trace of the product of all permutations on the boundary sides bypassed
counterclockwise and starting from the lower-left corner. The value − M1 log2 E(W ′′ ) is called the energy
of strong interaction of a quark and an antiquark at distance N .
33. ∗ a) Invent the notion of an expectation of a random permutation from S3 having as many properties
of the expectation of a random variable as possible.
Hint. We lack the operation of adding permutations. It appears by itself, if we recall that 1, 2, 3 are
quark colors, colors are vectors, and permutation is a mapping.
b) Compute the expectation of W ′′ for c = 2. Prove that there are a, b, B ∈ R such that for all M, N
we have baM N 6 E(W ′′ ) 6 BaM N .
34. (The “essence” of the Millenium problem) Prove the same inequality for the 4-dimensional N × N ×
N × N grid and a rectangle M × N on one of its 2-dimensional faces.
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